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Abstract

This paper will be exploring the field of Complex Analysis specifically
geometry in the complex plane. The purpose of this paper is to give a more
tangible understanding in this field of complex analysis. Complex analysis
has real world applications so that is why it is a field of math that should be
researched. This paper will first introduce the concept of complex numbers and
its operations using geometry. We will then explore power functions leading
into Mobius transformations.

1 Introduction
Mathematicians are truth seekers. Sometimes mathematicians stumble upon dis-
coveries that do not fit into the current paradigm. Equations first started as ways
to solve problems that existed in the real world. For example if there are 12 oxen
originally in a pen and one night a robber comes to town, and later, there were 4
oxen left in the pen how many were stolen? We can represent this problem with the
equation 12− x = 4. This equation is easy to solve. We add x on both sides of the
equation and subtract 4 to get 8, meaning that 8 oxen where stolen that night. In
this real world application the rancher would subtract the previous number of oxen
left from the starting amount of oxen to solve for how many were stolen. Represent-
ing this with an equation allows us to use algebra to solve for unknowns. Therefore
solutions are the values that make an equation true. Mathematicians study similar
relations called functions.

Definition 1.1. A function is a relation of inputs and outputs, such that an input
of a function can only have one output.

Functions are represented in the following way: f(x) = y, where x is the input
and y is the output and a function has a solution at x when f(x) = 0. Traditionally,
X and y represent real numbers. Finding solutions to functions is important because
it has applications in real life.

1.1 Polynomials

A particular type of functions called polynomials take the form:

f(x) =
n∑
i=0

aixi = a0x
0 + a1x

1 + . . .+ anx
n
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The number a is equal to any real number and n can represent either an even or
odd number defining the kind of polynomial, this is called degree. Functions are
represented in the Cartesian coordinate plane with the horizontal axis representing
input x values, x and representing output y values, y as seen in Figure 1.

Figure 1: Cartesian Plane

Visually we can see solutions of polynomials where the function crosses the x
axis. See Figures 2 and 3. There are certain functions where there are visibly no
real solutions as seen in Figure 4.

Figure 2: Squared Func-
tion

Figure 3: Cubed
Function

Figure 4: No Solu-
tions Function

Even so, mathematicians throughout history sought to solve all polynomials.
The race was on to see who would be able to find solutions that work for any
polynomial. Mathematicians realized that the set of real numbers was not enough
to solve all polynomials; there were holes in this set of numbers so we needed to
extend our system of numbers, to includeimaginary numbers which would fill this
gap. Let us explore what an imaginary solution represents. For example, solving
x2 + 4 = 0 algebraically will give us x =

√
−4,−

√
−4. We can simplify these

numbers to 2
√
−1,−2

√
−1. This is problematic because, we cannot take the square

root of -1 because any number multiplied by itself is equal to a positive number.
This is introduces us to a number with the base unit of

√
−1 = i called an imaginary

number.

1.2 Complex Numbers

The complex number is comprised of an imaginary number and a real number.
Imaginary numbers are a set of numbers that exist outside of the set of real numbers.
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Imaginary numbers are represented by i =
√
−1. A complex number takes the form

of a+bi where a and b are both real numbers. Complex numbers can be represented
as a vector as seen in Figure 5 [6].

Definition 1.2. A vector is a line that has both direction and magnitude usually
represented with arrows.

Figure 5: Complex Number

1.3 History of the Complex Number

The term "imaginary" was first coined by Rene Descartes when he used it to explain
how some polynomials have no solution. Next Euler introduced the notation of
i =
√
−1 establishing the notation that we use today. Gauss was the founder of the

term "complex number" which was later expanded by Cauchy who was accredited
for discovering complex numbers and the complex plane rather than the Cartesian
coordinate system [5]. Complex numbers allow us to solve polynomials, but it also
started a new era of math where we could explore the complex plane discover new
applications to physics. We will be exploring operations of complex numbers as
transformations in the complex plane.

2 Geometry as Transformations
We will be exploring transformations because certain properties with complex num-
bers can be explain using geometry, specifically transformations. Transformations
are when we move a figure in any way where we do not change the length of the
figure itself. An image before and after a transformation is called a pre-image and
an image.

2.1 Isometries

Isometries are transformations that do not change the length of a geometric figure.
Isometries of the plane include rotation, translation, and reflection.

• Rotation is performed about a certain point and it transforms an object at
the desired angle along the path of a circle. See Figure 6 [8].
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Figure 6: Rotation Example

Here the triangle ABC is rotated about the point D to make the new triangle
A′B′C′. The length from DA to DA’is of the same length since rotation from
the point D produces the same triangle with the same lengths and angles.

• Translation is motion along a vector. For example of translation see Figure 7
[8]. Here the polygon with six sides is being translated. Translation can be

Figure 7: Translation Example

seen as sliding so the figure is being slided to the right a distance of 8 cm and
with π radians.

• Reflection is a transformation that mirrors a geometric figure across a certain
axis See Figure 8 [8]:

Figure 8: Reflection Example

The figure with vertexes C,D,E, F, and G is being reflected across the line
ĀB to form C ′, D′, E ′, F ′, and G′. The line of reflection forms a perpendicular
bisector across the line ĀB.
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2.2 More Transformations

Dilations are not isometries because they do not preserve the lengths of the original
geometric figure. Dilations multiply the lengths of the geometric figure by some
ratio to increase or decrease the size of the image. Dilations are transformations
that are performed about a point, whether this point be on the figure or not.

Figure 9: Dilation
Figure 10: Dilation around a point

In both Figure 9 and 10, we are dilating the pre-image by a factor of 1/2. In
Figure 9, the center of dilation is point U , and in Figure 10 the center of dilation
is point A, away from the pre-image figure. Any transformation, or a sequence of
transformations, is called an iteration.

Figure 11: Iteration of Rotation Example

In Figure 11, we can see that we rotate the pre-image multiple times and thus
making the transformation an isometry.

Figure 12: Iteration of Dilation Example

In Figure 12, we can see that we repeated the process of dilating the pre-image
to make the next iteration making this transformation not an isometry.

5



3 Operations with Complex Numbers
We will now explore operations of complex numbers via transformational geometry.

3.1 Addition

Like real numbers, we are able to operate on complex numbers with addition by
combining like terms and adding arithmetically. If we have two complex numbers
(a + bi) + (c + di), where a, b, c, and d are real numbers, we add the real parts of
the two complex numbers and the imaginary numbers of the two complex numbers.
This adds the two numbers to be equal to (a+ c) + (bi+ di). Geometrically adding
is translation as visible in Figure 13.

Figure 13: Addition Example

Here the complex number, z and w are being added together to represent the
complex number z+w. We translate z by a vector equal to w in length direction, as
demonstrated by the gray line from z to z +w, resulting in a parallelogram formed
in Figure 13. Subtraction is the same as addition, but done negating numbers so we
are safe to assume that translating is also applied to subtraction. In the complex
plane, negated numbers, −z, are represented by moving in the opposite direction of
z, but the same length. See Figure 14.

Figure 14: Subtraction Example
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3.2 Multiplication

Since complex numbers have the form of a + bi and are represented in a plane, we
can also use the form x + yi with x representing the real part and y the imaginary
number [6]. Multiplication of the two complex numbers z = x1+y1i and w = x2+y2i
takes the form of zw = (x1 + y1i) ∗ (x2 + y2i) and can be simplified with algebra to
the form of zw = (x1 ∗ x2− y1 ∗ y2) + i(x1 ∗ y2 + x2 ∗ y1). The former part right side
of the equation is the real number part of the complex number and the latter the
imaginary part which can be graphed as seen in Figure 15.

Geometrically, multiplication of complex numbers is both a dilation and a rota-
tion. Multiplication by i is the number that rotates a complex number by π

2
radians.

Since the magnitude of i is one, multiplying by i does not dilate z. The product
zw = (x1 + y1i) ∗ (x2 + y2i) can be written as x1(x2 + y2i) + y1i(x2 + y2i) because
of the distributive property of complex numbers. In Figure 16 the graph shows the
rotation and dilation of the complex number w ∗ y2i and the other dilation of the
complex number w ∗ x2 as well. After the rotation and dilation of w resulting in
w′ it is translated across to w′′ and that is how we can geometrically multiply two
complex numbers.

Figure 15: Multiplication Figure 16: Multiplying Geometrically

3.2.1 Complex Conjugation

The conjugate of a complex number, z, is a complex number z̄ such that multiplying
z ∗ z̄ is a real number. Specifically, the conjugate of a+ bi is a− bi and with algebra
we can prove that when we multiply a+ bi and a− bi the product is a2 + b2, which
is indeed a real number. The conjugate is a reflection of the complex number z
across the real number axis. See Figure 17. Since multiplying by the conjugate is
still multiplying we can show with geometry that multiplying by the conjugate will
in fact result in a real number. When we multiply a + bi by a + bi, we can use the
distributive property of complex numbers and multiply it out to a(a+bi)+bi(a+bi).
In our example z̄ = w. We are rotating and dilating w by yzi represented by w′ in
Figure 18. We are dilating w by xz represented by w′′. We can add those vectors
together and get the real number zw = z ∗ z̄ shown in Figure 18.
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Figure 17: Conjugate Figure 18: Conjugate Geometrically

3.3 Division

Division is similar to multiplication because it is the inverse operation of multiplica-
tion meaning that a number divided by itself is 1. We will be exploring the specific
number 1/z because it is the multiplicative inverse of z and will be of use later on
in this paper. We can build the inverse with this equation:

1

z
=

1

x+ iy
=

1

x+ iy
∗ x− iy
x− iy

=
x− iy
x2 + y2

=
z̄

|z|2

[8]. Out of convenince we multiply 1
x+yi
∗ x−yi
x−yi . We do not want to divide by i because

then we would change the way the complex number is rotated. This is how we get
1

x+yi
= z̄
|z|2 . To create the inverse of the function z we first have to reflect z across

the x axis. We can tell that the function now graphed in Figure 19 is 1/z because if
we move the function inside the unit circle in Figure 20, we are able to observe that
1/z becomes larger which makes sense arithmetically because values smaller than 1
that divide 1 become a value larger than 1. When we have a number larger than
one, the reciprocal becomes a smaller value than 1.

Figure 19: Outside Unit Circle

Figure 20: Inside Unit Circle

4 Complex Numbers Squared
A Power function in the real number system can be generalized as y = xn. A power
function in the complex plane is represented as w = zn where z is any complex
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number and n is an integer. Using Geometer’s Sketchpad, we are able to make a
custom transformation representing the operation z. In this section, we observe the
geometry of z2 as a transformation acting on different pre-images.

4.1 Line Segments

A line segment in the complex plane can act like a vector if one of the points is at
the origin but once the line is taken off of the origin it begins to warp and bend
which shows that complex numbers can be represented in a different way.

Figure 21: Line segment as Vector

When the pre-image of a line segment is horizontal the image of the line seg-
ment has a parabolic shape on a closed interval that is opened to the right and is
horizontal.

Definition 4.1. A parabolic shape is when a figure is curved and both ends of
the figure are in the same direction to create a figure similar to that of a U .

When it is vertical it shows an after image of a parabolic shape on a closed
interval opened to the left and horizontal.

Figure 22: Horizontal Line
Segment Figure 23: Vertical Line

Segment

A line segment that has a positive slope will have a after image of a positive
parabola opened up on a closed interval. A negative slope will have a negative
parabola opening at the bottom on a closed interval. The only special cases of
the outcome of z2 of the line segment is when the line segment ends up crossing the
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origin. When the line segment does that the after image folds upon itself looking like
a line segment starting from the origin. The behavior of the resulting image becomes
a parabola because the line segment dilates since z2 = z ∗ z. This also explains why
it is rotated a specific way because i makes the line segment rotate pi/2 radians.
When the after image line segment folds upon itself there are 2 different values that
can be squared to reach that point because z2 = (−z)2.

Figure 24: Positive Line
Segment

Figure 25: Negative Line
Segment

Figure 26: Line segment Crossing the Origin

4.2 Lines

Lines are similar in their behaviors to the line segments. The difference between
lines and line segments is that lines are continuous while line segments are on a
closed interval. Lines exhibit the same behaviors as line segments do but are infinite
rather than having finite values. A line with a pre-image either horizontal or vertical
resembles that of a line segment as shown in Figures 27 and 28.

Similarly line with a positive slope and one of a negative slope is transformed
into similar forms of z2 to that of the line segments shown in Figures 29 and 30. The
pre-image of the line that is crossing the the origin creates a line that folds upon
itself and no matter the slope of the pre-image the line will always fold upon itself.
See in Figure 31.
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Figure 27: Horizontal
Line Figure 28: Vertical Line

Figure 29: Positive Line
Figure 30: Negative Line

Figure 31: Line Crossing
the Origin

4.3 Circles

The same principle of both rotation and dilation applies to circles when transforming
them via z2 in the complex plane. Circles react differently depending on their
position near the unit circle. When the image of a circle is inside the unit circle
and is centered at the origin in the complex plane the after image appears inside
the original circle because any number a < 1, a2 will then be equal to less than 1.
See Figure 32. When the circle is centered at the origin and is outside of the unit
and a > 1 then a2 > 1. See Figure 33. The circle that lies on the unit circle and is
centered at the origin is equal to 1 which can be seen in Figure 34. Here the circle
c1 is the initial circle and c′1 is the after image.

Figure 32: In the Unit
Circle Figure 33: Outside the

Unit Circle

Figure 34: On the Unit
Circle

A circle acts differently when it is applied outside of the unit circle and it is not
centered around the origin. When it is close to the origin then the circle tightly loops
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itself and as the circle travels further away from the origin as depicted in Figure 35,
the after image of the circle loops less and, depending on the radius, will become
its expected squared if it was in the real number system as depicted in Figure 36.
Once the radius of said circle goes past the origin then that is when the after image
circle ends up looping itself. See Figure 34

Figure 35: c1 near the Ori-
gin

Figure 36: c1 far from the
Origin

A pre-image of a circle at which the radius is crossing the origin the image will
bend and will have a value of where the image is at 0. When the pre-image is near
the origin, but radius is what is near the origin, the image ends up warping and
closes in towards the origin seen in Figure 38.

Figure 37: Radius on Ori-
gin

Figure 38: Radius near
the Origin

5 Complex Numbers Cubed
The complex number z can be cubed creating the complex number z3. We hypoth-
esize that the geometric figure being transformed to z3 will be rotated another π/2
radians because we are multiplying by another factor of i. We also expect the figure
to dilate more since there is another factor of real numbers.

5.1 Line Segments

Here we can see that our predictions are true and that the parabolic shape on a
closed interval becomes more dilated is rotated to π radians [2]. Seen in Figures
39 and 40. A horizontal pre-image creates a parabolic shape that is vertical and is
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Figure 39: Horizontal Line
Segment Figure 40: Vertical Line Seg-

ment

opened upward and the opposite follows when that line passes the real number axis.
A vertical line segment creates a parabola on a closed interval that is horizontal
and is opened towards the right and the opposite is created when it crosses the
imaginary number axis. Compared to the transformations of the line segments
of z2 the parabolas are rotated π/2 radians and it creates a more dilated curve.
Mathematically this is logical because a function cubed will create a reflection across
the line y = x and so that is why after crossing a certain axis the image flips. See
Figures 41 and 42.

Figure 41: Horizontal Line
Segment

Figure 42: Vertical Line Seg-
ment

The same principles of rotating and dilating because of the multiplication of
a complex number are applied to when the line segment is a positive slope and a
negative slope. The image will be like the images of z2 but it will be rotated another
π/2 radians and the line segment will be more dilated. See Figures 43 and 44. When
the line segment crosses the origin, instead of folding upon itself like z2, it becomes
another line segment that crosses the origin. The image of z3 behaves that way due
to the extra rotation multiplying by another z does. See Figure 45.

5.2 Lines

Lines are similar to line segments but are just an extension of line segments. Because
z3 rotates the figure more, the parabola is more prone to cross itself. As the line
approaches the origin, the parabola crosses itself sooner because of the extra rotation
that z3 provides. The pre-image of a horizontal line displays a parabola that is
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Figure 43: Positive Line Seg-
ment

Figure 44: Negative Line Seg-
ment

Figure 45: Crossing the Origin

vertical facing downward when the line is below the real number line axis and vice
versa (help with this phrasing). The vertical line shows an after image of a horizontal
parabola opening to the right and the opposite when the vertical line passes the
imaginary number axis. Seen in Figures 46 and 47.

Figure 46: Horizontal Line Figure 47: Vertical Line

The same principles are applied to when the line is at a positive or negative
slope. It is rotated by another factor of π

2
and it is dilated by another factor of the

real number being multiplied. The pre-image of the positive line gone through the
transformation z3 becomes a parabola but which direction it faces is up to which
quadrants the line is. It is the same situation for the negative sloped line as it does
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depend on the slope and position the line is in. These can be seen in Figures 48 and
49.

Figure 48: Positive Line

Figure 49: Negative Line

5.3 Circles

Circles also are fundamentally the same when comparing z2 to z3 because it is just
multiplying by another complex number. The transformation can also be seen as
iterations of rotations and dilation with every z that is being multiplied. The same
principle as of z2 is applied when the circle is centered at the origin because the
numbers at the circle’s radius act like normal complex numbers so they multiply in
a regular pattern. See Figure 50 and Figure 51.

Figure 50: Circle in Unit Cir-
cle

Figure 51: Circle out of Unit
Circle

When the circle is centered near the origin, we can see that there are three circles
that end up forming making two loops around the origin. Unlike the behaviors of the
function z2, z3 creates another loop because we are multiplying by another complex
number which can be seen in Figure 52. Since multiplying the complex number
created another loop, if we did that n number of times then it would add n number
of loops because of the newer complex number rotating and dilating as each ring as it
progresses. The further away from the origin the circle is the less the function loops
itself and creates the values of the complex number that reflect that of behavior of
a single complex number as seen in Figure 53.
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Figure 52: Circle near Origin

Figure 53: Circle far from
Origin

6 Mobius Transformations

6.1 Applications of Mobius Transformations

Mobius transformations are applicable in real real like engineering and astrophysics.
In electrical engineering, engineers use a chart called the Smith Chart which is
created using Mobius Functions [4]. Mobius transformations are also used in as-
trophysics especially astrodynamics where we can calculate the number of different
orbits that can be found because Mobius functions map out possible different out-
comes [9]. Mobius functions also have applications in another section of math where
they become isometries in the hyperbolic plane [3].

6.2 Geometry of Mobius Transformations

Mobius transformations can be shown geometrically and transform different geo-
metric figures differently than power functions. The complex numbers a and c both
dilate and rotate the number z because of the i rotating z and the real number di-
lating z. The number z is also translated across the vector by the complex number
b and d because it is addition. The whole result of cz + d ends up rotating and
inverting the numerator by the factor of the result of cz+d and our function results
in az+b

cz+d
. Depending on the certain inputs of the complex numbers a, b, c, d and, z

are will result in a different transformation that is similar but slightly different.

6.2.1 Mobius transformations Applied to Circles

When we move the pre-image, we can see that the image that is the result is another
circle. What happens to the image of the circle as the pre-image is dragged in a
circle is that the image c3′ ends up bending the other way when forming a circle
when it is at the point where it is either at the reflection of az+ b or cz+d from the
line of x = y. This is because when we have a regular function of f(x) = ax+b

cx+d
there

are places where when ax + b = 0 and cx + d = 0 the function does not exist and
so when we graph this in the complex plane using complex numbers it is the same
principle as that.

We can see that with different inputs of the complex numbers a, b, c, d, and z it
effects where the image of the pre-image is at. The same concept still applies when
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Figure 54: Mobius transformation on a Circle with Inputs in the same Quadrant

the circle flips because there are still the points at which az+ b = 0 and cz+ d = 0.
See Figure 54 and Figure 55.

Figure 55: Mobius transformation on a Circle with Inputs in Different Quadrants

6.2.2 Mobius Transformations Applied to Lines

When Mobius transformations are applied to the pre-images of lines the image of
the line creates a line which looks as if it were to form a circle. This is the case
because the numerator of the Mobius function az+ b rotates, dilates, and translates
the complex number z. The denominator also inverts az + b by a factor of cz + d
and so that is why we have more curvature to the image where is resembles a circle
seen in Figure 56 and Figure 57.

7 Conclusion
Complex analysis specifically Geometry in the Complex Plane, is important because
it displays predictions that can help us predict the world around us. We can apply
certain different inputs and predict the outputs. In real life this applies because
we are given certain inputs and we solve for the possible outputs and use the ones
that are the most viable to the situation. If we were to continue this research we
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Figure 56: Mobius Transfor-
mation Applied to a line

Figure 57: Mobius Transfor-
mation Applied to a line in
the same Quadrant

would have learned more about the hyperbolic plane and how that relates to Mobius
functions.
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